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Abstract. Ifu>-i,LU2 are two pure gauge-invariant states of the Cuntz algebra 
Orf, we show that there is an automorphism a of O^j such that 11^1=^012° c*- If 
a; is a general pure state on Od and ipo is a given Cuntz state, we show that 
there exists an cndomorphism a of such that ipo = w o a 



1. Introduction 

Let 21 be a simple separable C*-algebra, and let tti , tt2 be representations of 2t 
on Hilbert spaces Hi , 7^2 • The representations tti , 7r2 are said to be algebraically 
equivalent if 7ri(2t)" and 7r2(2t)" are isomorphic von Neumann algebras. If there is 
an automorphism a of 21 such that tti and 7r2 o a are quasi-equivalent, then tti, n2 



are clearly algebraically equivalent. Powers proved in |Pow67] that if 2t is a UHF 
algebra the converse is true. His method extends readily to the case that 21 is an 
AF-algebra, | Bra72| . See also section 12.3 in KR86| . In the special case that tti 



(and therefore 112) is irreducible, Kadison's transitivity theorem therefore implies 
that if 21 is a simple AF algebra and if toi and UJ2 are pure states on 21, there exists 
an automorphism a of 21 such that uji — lu2 o a. To our knowledge, this question 
has only been settled in the affirmative when 21 is an AF-algebra. As a beginning 
of a possible resolution of the question for purely infinite algebras, we here prove 



the statements in the abstract. Recall from [ Cun77 | that the Cuntz algebra Od is 



the C*-algebra generated by d operators si, . . . , satisfying 



1=1 

There is an action 7 of the group U{d) of unitary d x d matrices on Od given by 

d 
J = l 

for g — [gij]fj^i in U{d). In particular the gauge action t — 7|t is defined by 

T^{s,) = zsi, zeTcC. 

If UHFd is the fixed point subalgcbra under the gauge action, then UHFrf is the 
closure of the linear span of all Wick ordered polynomials of the form 



Six ■ ■ ■ Sjfc ■ • ■ 
1 
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UHFrf is isomorphic to the UHF algebra of Ghmm type d° 



(g)Md 



in such a way that the isomorphism carries the Wick ordered polynomial above into 
the matrix element 



1 1 < 



"tin «2j2 ikjk 
In the case that d is a power of a prime, the gauge action r is in fact characterized 
by the fact that its fixed point algebra is isomorphic to UHF^;, i.e. if a is another 
faithful action of T on Od such that the fixed point algebra O'^ is isomorphic to 
UHF (J, then either z i— s- or z i-^ is conjugate to r. This follows from |BK99 



Corollary 4.1]. (Since UHF^ is simple and a is faithful, the crossed product Od Xq,T 
is stably isomorphic to UHF^, |KT78|, and in particular it is simple. Since 

-P„(0)(Orf x,T)P„(0) , 

[Pa(0)] is just [a] when Ko{Od T) is identified with KoiO^)- By the Pimsner- 
Voiculescu exact sequence it follows that on Ko{Od^aT) = Z[i] is multiplication 
by c? or 1/d. For this last argument it is important that d is a power of a prime, as 
seen from the example d = 6 and equal to multiplication by 4/9 on Z[i]) Because 
of this, our main result Theorem 5 can be given the following more universal form: 

Corollary 1. Assume that d is a power of a prime. Let ipi and ip2 be pure states 
on Od, and assume that there exist actions on of T on Od such that O^' = UHF^ 
and ifiOUi — (pi for i — 1,2. Then there exists an automorphism (3 of Od such that 

(fix ^ ip2° P 

The question whether any pure state on Od is invariant under a gauge action is 
left open. 

The restriction of 7^ to UHF^ is carried into the action 

Ad{g) (g) Ad(5) ® • • • 

00 

on 0iV/d. We define the canonical endomorphism A on UHF^ (or on Od) by 
1 

d 

and the isomorphism carries A over into the one-sided shift 
a;i 2:2 ® X3 ® • • • ^ 1 ® xi (g) X2 ® • • • 

00 

on Md. 



by 



If 771, . . . ,r]d are complex scalars with ^ |?7_, p — 1, we can define a state on Od 



ifrf [Si-^ . . . Si^ Sj 



Vii ■ ■ ■ Vik Vje ■ ■ ■ Vji 



|Cun77| , |Eva80| , |BJP96| , pJ97| |, [ |BJKW |. 

This state is pure, and non-gauge invariant, and the U{d) action is transitive 
on these states, which are called Cuntz states. The restriction of f,^ to UHF^ 
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identifies with the pure product state given by infinitely many copies of the vector 
state defined by the vector (ryi, . . . , rid) on Md- 

In this paper we will also consider the one-one correspondence between the set 
U{Od) of unitaries in Od and the set End(C'(i) of unital endomorphisms of Od- If 

u G lA{Od) then au{si) — usi defines an endomorphism, and if a G End(Od) the 

d 

corresponding unitary is u = ^ a{si)s* . It has been proved by R0rdain that 

i=l 

lAi = {u G lA{Od)\otu is an inner automorphism} 

is a dense subset of U{Od), [R0r93]. We give a shorter proof of this, and also show 
that 

Ha = {u E h{{Od)\au is an automorphism} 

is a dense Gs subset oiU{Od) such that the complement U{Od)\Ua is also dense. 

By using the above correspondence between U[Od) and End(0(i), it follows (see 
the proof of Proposition 8) that if w is a pure state and ip^ a Cuntz state there 
exists an endomorphism a of Od such that (^o — Looa. Although the automorphism 
group is dense in End((!?d) (in the topology of pointwise convergence), the question 
whether a can be chosen to be an automorphism is left open (in this approach). 



2. Transitivity of the automorphism group on the pure 
gauge-invariant states 

In this section we prove the first main result mentioned in the abstract. 

Let UHFd be the UHF algebra of type d°° and let {An) be an increasing sequence 
of C*-subalgebras of UHF^ such that UHFd = U^„ and An = Md^ ■ We first use 
Power's transitivity on UHFd to find an approximate factorization for any pure 
state on UHFd: 

Lemma 2. Let if be a pure state of VHFd and £ > 0. Then there exists a pure 
state (fi' o/UHFrf, an increasing sequence {Bn} of finite type I subfactors ofVTAFd, 
and an increasing subsequence {fc„} in N such that ip'\Bn is a pure state of Bn and 
Ak„ C Bn C ^fe„+i for every n, and 

Proof. Since the automorphism group Aut(UIIFrf) of UHF^ acts transitively on the 



set of pure states of UHF^, |Pow67|, there exists an increasing sequence {Dn} of 
finite type I subfactors of UHFrf such that Z?„ = Md"- and (p\Dn is pure for every 
n. Then we can find sequences {un} and {u„} of unitaries in UHF^j and increasing 
sequences {fc„} and {£„} in N such that 

Ak, C Ad{viui){De,) c Ak^ c Ad{v2U2Viui){Di^) c Ak^ c ■ ■ ■ 
Un G UHFd n Ad(w„_iu„_i . . . viui){De^_-^y 
vn G UHFd n A'k^ 

<£/2"+2 ||i;„-l|| <e/2"+2 

where Dq = CI. (Let fci = 1. Then we choose ui and £i such that Ak-^ C 
Adui{De-^) and ||ui — 1|| < e/8. Further we choose k2 and vi such that vi G 
UHFd n A'f,^, \\vi - 1|| < e/8, and, Ad(-yiUi)(i:'^ J C Ak^. We just repeat this 



4 



OLA BRATTELI AND AKITAKA KISHIMOTO 



process.) Then the limit w = liniu„M„ . . .ViUi exists and is a unitary such that 
||u;- 1|| < e/2 and 

Ak, C Ad w{De,) C Afc, c Adu;(£)^J c • • • 

Let Lp' = Lp o Adw* . Then Lp' is a pure state with \\(p — ip'\\ < e and ip'\ Adw{Di^) 
is a pure state for every n. Put i?„ = Adw{D£^). □ 

We next show that for any pair of pure states Lpi, (p2 on UHF^;, there is a tensor 
product decomposition of UHF^j such that (pi,(p2 have approximate factorizations 
with respect to certain sub-decompositions (necessarily different for ipi and (^2): 

Lemma 3. Let ipi and ^2 be pure states of UHF^ and let £ > 0. Then there 

exist pure states ip'i, (p'^, and ijj o/UHF^,. an increasing sequence {fc„} in N and an 
increasing sequence {Bn} of finite type I subfactors of A such that 

Vi\B2n+i is pure 

1-^271 is pure 
tlj\B6k-i n -Bgfc-s = <^'il-B6fe-i n B'^k-s 
i;\Bek+2 n B^fe = ip2\Bek+2 n B'^^ 
V'iBefe n Bgfc_i is pure, 
ip\B(ik-3 n -B6fc-4 is pure, 

Ak, C c Afc, c ^2 C ^fe3 C B3 C • • • 

Proof. It follows from the previous lemma that there exist pure states y increasing 
sequences {Bin} of finite type I subfactors of A, and an increasing sequence {kn} 
in N such that 

\\ipi - ip[\\ < e , 

(pi\Bin is pure for i = 1, 2 , 

Ak^ C Bn c Ak^ c Bi2 C Afe3 c • • • 

By passing to subsequences of {kn} and {Bin} and setting B„ = Bin if n is odd 
and Bn = B2n if n is even, we may assume that 

^'i\B2n+i is pure 
iP2\B2n is pure 

^n+l kn ^ 00 

Afe, C Bi C Afc, C B2 C Afc3 C • • • 

Then (p[ has a tensor product decomposition into pure states on the matrix subal- 
gebras -B2n+i H i?2„_i, and 1^2 likewise on the subalgebras B2n H -B2„_2- Thus we 
can define a pure state ip by requiring that it decomposes under the tensor product 
decomposition 

. . . ® {Bek^4 n B'Qk_Q) ® {Bek^s n b;;,_4) c<) (Bsfc-i n B'^^-s) 
^{Bek n B^fe_i) ^ {B6k+2 n Bgfc) ® • • • 
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□ 



into states given by: 

ij\B6k-i n B^fe_3 = <fi[\B6k-i n B^fe_3 , 

tjj\Bek+2 n Bgfc = <^2l-B6fe+2 n Sgfe , 
tp]BQk n -Bgfc-i is arbitrary pure state, 
ip\BQk-3 n -Bg;^_4 is an arbitrary pure state. 

Recall that r is the gauge action of T on Oa, i.e., 

rz(si) = zsi , z e T . 
Let £ be the conditional expectation of Oj, onto UHF^ defined by 

Note that if <^ is a gauge-invariant state of Oj,, then 

d 

Recall that A is canonical cndomorphism of Od- M^) — X) Sixs*, x G Od, and that 

i=l 

the restriction of A to UHF^ is the onc-sidcd shift a. 

Lemma 4. If (p is a gauge-invariant state on Od then the following conditions are 
equivalent: 

(i) (fi is pure 

(ii) <^|uHFd is pure and 

vluHFd o is disjoint from if for n= 1,2,... 

Proof. (i)=^>(ii). Since is pure, and gauge- invariant, it follows that (^Iuhf^ is pure. 
Let p be the support projection of (p in O". Since p is minimal, and p is gauge- 
invariant, it follows that for any a G UHF^ and any multi- index I = (ii, 12, . . . , in) 
with \I\ = n> 1, 

pasip = ip{asi)p = , 
where s/ = Si^ Si^ . . . Si^ . Thus we obtain that 

17(UHFd)A"(p) = 0, 

which implies that <^|uHFd o cr" is disjoint from y>. 

(ii)=^(i). Let p be the support projection of <^|uHF<i in UHF" C O^*. It suffices 
to show that for any multi- indices /, J 

psis*jp G Cp 

since the linear span of s/s} is dense in Od- If |/| 7^ we have that psjSjp — 
by using the fact that <p|uHFd o cr" is disjoint from (p for n = \I\ — \ J\ . If [/| = | J|, 
we have that psis*jp = (p{sjs*j)p since (^|uHFd is pure. □ 



Lemma 5. Let pi and p2 be gauge-invariant pure states of Od such that all 
■^iluHFd ° tr", i = 1,2, n = 0, 1, 2, . . . are mutually disjoint. Then there exists an 
automorphism a of Od such that ao Tz = Tz o a, z gT and (pi = p>2oa. 
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Proof. By Lemma 4, tpi = <pi|uHFd and ip2 = ¥'2|uHFrf are pure states on UHF^. 
Applying Lemma 3 on ^Ji,ip2 in lieu of Lpi,Lp2, with e = 1, wc obtain pure states 
ij)'-^ , tjj'2 and ip of UHFrf with the properties given there. Since ipi is equivalent to 
ipi, f'i = iplo e is a. pure state of Od by Lemma 4 and this state is equivalent to 
(fi = Ipi o £. By Kadison's transitivity theorem we have a unitary u € UHF^ such 
that tp^ = tpiO Adu; it follows that ■ = o Adu. 

It is not automatical that tp satisfies the condition that all V' ° f", n = 0, 1, 2, . . . 
are mutually disjoint and arc disjoint from tp'^ o a'^. But using the freedom in 
constructing V'lsefcns^j, j and V'lsefc-ans^^^ ^ successively, we can certainly impose 
this condition. 

Thus wc obtain three pure states tp[,ip'2jtp of UHFc; such that all ip'^ocr", oa" 
are mutually disjoint and tpl and tp are spotwise asymptotically equal as specified 
in Lemma 3. It now suffices to prove the lemma for the pairs o e,ip o e) and 
('i/'2°^j 'i/'oe). Thus replacing ipi, by one of these pairs, wc may assume the lemma 
satisfy the additional condition that there exists an increasing sequence {fc„} in N 
and an increasing sequence {Bn\ of finite type I subfactors of UHF^ such that 

Ak^ C Bi C Ak^ c B2 C Afc3 c c 
</?i|B3n+i is pure, 

</?i|s3n+3nB^„_^i = </32|s3„+3nB^^_^i is pure 

fcsn+S - kzn+2 ^ 00 . 

We shall construct a sequence of unitaries in UHF^ such that 
Oi = lim Ad(f7i Vn-i ■ ■ - Vi) defines an automorphism of Oa with ^pi = ip2° ex.. To 

n— »oo 

ensure the existence of the limit we choose the unitaries such that they mutually 
commute and ^ — Un|| < oo. Since a commutes with the gauge action r, 

this will complete the proof. 

We fix a large N & N. We choose ni so large that the support projections 
e-^^ = supp(yi|s3„^_^i) are almost orthogonal and ksm+s — fc3ni+2 > 2^(-'^+^^ Let 

wi be a partial isomctry in B^m+i with wlwi = Wiw^ = By the polar 
decomposition of the approximate unitary 

w^ + il- e«)<(l - e«) + (1 - e«)(l - e«) , 
we obtain a unitary vi G B^m+i such that 

(1) (1) (1) (1) ^ D 

and - - e^"^) w (1 - e^2^)il - e^^^). 

Wc next choose n2 > rii so large that 

(7"osupp(v5i|B3„,+inR^„^^3), * = 1,2, n = -2^-i,-2-^+i + l,... ,0,... ,2^+1 

are almost orthogonal and ^3^3+2 — ^Sm+i > 2^^-'^+^^. (Though a is an endomor- 
phism, CT"" on Bs^^+i fl B'^^^_^^ is well defined for n = 1, 2, . . . , k3ni+2-) Let W2 be 
a partial isometry in Bsn2+i H B'^n2+3 ^^^'^ 

w>2 = ef^ = supp((/Ji|B3„,+ini3^„^^3) 

and 

W2W2 = ef' = supp(v2|B3„,+ins^„^+3) , 



HOMOGENEITY OF THE PURE STATE SPACE OF THE CUNTZ ALGEBRA 



and let be a partial isometry in Ak^^^_^^^i n ^fc3„j+3 s.nch that = e'l ^ and 

Assume for the moment that cr^(ef i = 1, 2; ^ = -2^+\ -2^+^ + 1, . . . , 2^+^ 
are all orthogonal and set 

a-i(CK-'(C)...^nC) »>J 

e„- = <; a^(ef)) i=j 

for i,j = —2^^+^,... ,2^+-'^. Then (e.y) is a family of matrix units such that 
a{e^/) = e,+ij+i when |z|, |z + 1|, |j + 1| < 2^+i. Let 

.(2) 



as in |Kis95 . Then is a projection in D2 = ^(fc3„2+2+2™+i) ^ ^(fcg +3-2™+!) ^^'^ 
satisfies 

I|a(£;)-£;||~-4r . 

2 2 

2N+1 

Letw = W2 + il-e^2^)( ^ (^^K) + ^t-'(w'2))) (1 - e^')) and 
w = + (1 - F)ii;*(l - + (1 - F)(\ - E) 

where F — wEw*. 

By the orthogonality assumption on cr^(e^^^), w is a unitary in D2 and satisfies 

\\aiv)-v\\^\\aiE)-E\\, 

(2) (2) (2) (2) 

ve\ = W2e\ = 62 W2 = €2 V . 

Note also that v commutes with vi and ep-*. 

Now, the projections <T^{ef'^), i — 1,2, £ = —2^+^,... ,2^+^ are not actually 
orthogonal but choosing n2 so large that they are very close to being orthogonal, 
we may obtain a unitary V2 in D2 by polar decomposition of v such that V2 satisfies 
the same conditions as above, i.e., 

U2ef ^ = W2el^^ = e''2^W2 = V2 e -Bg^^+i n -B3„^+3 , 

_ -^ + 1 

||A(i;2)-«2|| -2 ^ 



and V2 ^ D2- 
Since 



SUPp((Pi|b3,.2 + i) 

= SUpp(v3i|s3„^ + Jsupp((^i|B3„, + 3ni3^„^ + Jsupp(<y9i|B3„^ + inB^„^+3) 



(1) (2) 
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with p = supp((/Ji|i33„^_^3nB^„^_^J = supp(<p2|s3„ j+sDS^^ and since the opera- 
tors vie^^ = e^^vi,p, and ^261^^ = e^^V2 commute, we obtain that 

V1V2 ■ supp((/3i|b3„2+i) = viv^e^i^pef^ 

(1) (2) 
= vie{ 'V2ei 'p 

(1) (2) 
= 62 ^162 V2P 

(1) (2) ^ I ^ 

= pe^ 'ViV2 = SUpp(</92lB3n2 + i)^1^2 • 

Here we have also used the fact that vi commutes with 63 . We repeat this pro- 
cedure. Thus wc obtain an increasing sequence {n/j} in N and a sequence {vk} of 
mutually commuting unitaries such that 

N + k 

\\X{vk)-Vk\\^2 ^ , 

where 

=supp(<^i|B3„^+,nB^„^_^+3), 

and such that A.(l{vk ■ ■ - Vx) maps supp((pi|B3„^_^i) into supp((/?2|B3„^+i)- Then the 
limit a = limAd(t;fe . . .v\) defines the desired automorphism. □ 

k 

Theorem 6. Let (pi and (^2 be gauge-invariant pure states ofOd- Then there exists 
an automorphism a of Od such that = ^2 o ct. 

Proof. If (fi is disjoint from ip2, then it follows that {(PiluHFd) o cr" = fi ° '^"luHFdj 
i = 1,2, n = 0,1,2,... are mutually disjoint (by Lemma 4); thus the assertion 
follows from Lemma 5. If (fi is equivalent to ip2, there is a unitary u £ Oa such 
that cpi = <^2 Adu (by Kadison's transitivity). □ 

3. Pure states mapped into Cuntz states by endomorphisms 

There is a onc-to-onc correspondence between the set U{Od) of unitaries of Od 
and the set End(Od) of unital endomorphisms of Od] if u G U{Od), the endomor- 
phism a„ is defined by a„(si) = usi and if a e End(C'd), ce corresponds to the 

d 

unitary u defined by zt = ^ a{si)s*. Define 

i=l 

Ui = {u £ lA{Od)\ ctu is an inner automorphism} 
l^a = {u G L({Od)\ Oiu is an automorphism} 

Us=U{Od)\Ua. 

Proposition 7. LetUi,UaMs be as above, 
(i) Ui is a dense subset ofU{Od)- 

(a) Ua is a dense Gg subset oflAiOd)- 
(Hi) his is a dense subset oflA{Od). 

Proof. M. R0rdam proved (i) in [R0r93] and the other statements are more or less 
known. 

We shall give a proof of (i). We again denote by A the canonical endomorphism 

d 

ofe»d:A(a;) = E 

SiXS*, X G Od- Since the unitary corresponding to Adt; is vX{v*), 

i=l 
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it suffices to show that vX{v*), v G U{Od), is dense in U{Od)- If UHF^ denotes 
the C*-subalgebra generated by Si-^Si^ . . . Si^s*^^ . . . s*^, then we mentioned in the 
introduction that UHF^ is isomorphic to the UHF algebra Md and A|UHFd corre- 

N 

sponds to the one-sided shift on Md- Thus AjUHF^ satisfies the Rohhn property, 

N 

BKRS93 |, [ Kis95 |. In particular for any n and e > there is an orthogonal family 
eo, ei, . . . , Cn-i of projections in UHF^ such that 

\\X{e^) ~ Ci+iW < e 

with Crfn = 69. The similar properties hold for Adu o A, i.e., if UHF^ denotes the 
C*-subalgebra generated by usi-^usi^ . . . usi^s*^u* . . . s*_^u*, then Adu o AjUHFj^ 
corresponds to the one-sided shift on Md- Hence for any n and e > there is an 

N 

orthogonal family /o, /i, . . . , fd"-i of projections in UHFJJ such that 

1=0 

II AdMO A(/0 - /,+ i|| < £ 

with fd't = /o- Suppose we have chosen such projections Ci, fi for the same n. 
Since ifo(Cd) = — 1)Z, we have that [eg] = 1 = [/o] in Ko{Od) and so obtain 
a partial isometry w G Od such that w*w = ep, ww* — /p. We find unitaries 
vi,V2 e Od such that AduiA(ei) — e^+i, Adw2 AdMA(/j;) — fi+i, and ||wi — 1|| « 0, 
1^2 — 1|| ~ (depending on e). Let 

where Ry* is the right multiplication by and Ly^u is the left multiplication by 
V2U. Since {Ly^yRy* Xy{w) is a partial isometry with initial projection and final 
projection fi, z is a unitary in eoOdSQ. Since Ki{Od) = and Od has real rank 
zero, we find a sequence zq, zi, . . . , Zd"-i of unitaries in e^Ode-a such that zq — 2, 

\\Z^ - Zj+lll < 4/d" . 

Define a unitary v by 
Then since 

V - {Ly^uRy*\){v) 

= E iLv2uRvt>'y{WZi - WZi_l) + WZQ - {Ly^yRy^Xy" (W) , 

i=l 

it follows that 

\\V-Ly,^Ry.X{v)\\<4/r 

or 

\\v-uX{v)\\ <4/d" . 
This completes the proof of (i). 



v= {Ly^y,Rv;Xy{wZi) 

i=0 
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Since Ua ^Ui, Ua is dense. That Ua is a G5 set follows from 

n i i ^ ^ 

where {xi} is a dense sequence in Od- 

If Ua contains a non-empty open set, then it follows that Ua = U{Od) or Ug = 0. 
Because for any unitaries u,w of Od, we find a unitary v such that w\{v) « vu. 
(Apply the previous argument for the endomorphism Ad uo \ instead of A and the 
unitary wu* .) Since vUaX{v*) = Ua for any unitary v € Od, the above fact implies 
that Ua contains an arbitrary unitary. But we know that Us 7^ 0. For example 
if u = then a„ = A and A(Od)' ~ M^. Thus we obtain that Us is 

dense. □ 

For a unit vector ^ € we have defined the Cuntz state of Od by 

f^{Sii ■ ■ ■ Si^Sj^ . . . Sj^) = ... ■ ■ ■ 

It follows that is a unique pure state of Od satisfying 



^ i=i ^ 



Let F be the linear span of SiS*, i,j = 1, . . . ,d. Then F is isomorphic to Md and 
each unitary u in defines an automorphism of Od- This group of automor- 
phisms acts transitively on the compact set of Cuntz states. 
We denote by /o the Cuntz state with ^ = (1, 0, . . . , 0). 

Proposition 8. If (p is a pure state of Od, there is a unital endomorphism a of 

Od such that ip o a = fo, where fo is the Cuntz state defined above. Furthermore 
a may be chosen so that o a{Od)" contains the one- dimensional projection onto 

Proof. It suffices to show that if (^9 is a pure state there is a unitary u £ Od such 
that 

(p{usi) = 1 . 

Since Od has real rank zero, there is a decreasing sequence (e„) of projections in 
Od such that is the unique state satisfying <p(en) = 1 for n = 1,2,..., i.e., (e„) 
converges to the support projection of (p in O". We may further assume that 
[e„] = in Ko{Od). 

Pick up a projection e = e„ such that ip{e) = 1 and e < 1. Then esl is a partial 

isometry with initial projection sies* and final projection e. Let w be a partial 
isometry such that w*w = 1 — sies* and ww* = 1 — e. Then u = esl + w is a 
unitary in Od such that 

usic = {esl + w)sie = e . 
Thus we have that (p{usi) = 1. 

To prove the last statement we shall modify u so that ip is the unique state 
satisfying 

(p{usi) = 1 . 

We have chosen 6 = 671. We let 

00 

h = ^2-''e„+k . 
fe=i 
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Then h is self-adjoint with < h < 1 and ip is the only state satisfying cp[h) = 1. 
Let 

Then uiSie = e'^^'^^e and the assertion follows. 

References 



□ 



[BJ97] O. Bratteli and P.E.T. Jorgcnscn, Endomorphisms of B{n), II, J. Fund. Anal. 145 
(1997), 323-373. 

[BJP96] O. Bratteli, P.E.T. Jorgensen and G. Price, Endomorphisms of B('H), in W. Arveson et 
al., eds., "Quantization of Nonlinear Partial Differential Equations", Amer. Math. Soc. 
1996. 

[BJKW] O. Bratteli, P.E.T. Jorgensen, A. Kishimoto and R.F. Werner, Pure states on O^, J. 
Operator Theory, to appear. 

[BK99] O. Bratteli and A. Kishimoto, Trace scaling automorphisms of certain stable AF alge- 
bras II, preprint 1999. 

[BKRS93] O. Bratteli, A.K. Kishimoto, M. R0rdam and E. St0rmer, The crossed product of a 

UHF algebra by a shift, Ergodic Theory and Dyn. Sys. 13 (1993), 615-626. 
[Bra72] O. Bratteli, Inductive limits of finite dimensional C*-algcbras, Trans, Amer. Math. Soc. 
171 (1972), 195-234. 

[Cun77] J. Cuntz, Simple C*-algcbras generated by isometrics, Comm. Math. Phys. 57 (1977), 
173-185. 

[EvaSO] D.E. Evans, On On, Publ. RIMS. Kyoto Univ. 16 (1980), 915-927. 

[Kis95] A. Kishimoto, The Rohlin property for automorphisms of UHF algebras, J. reine argew. 

Math. 465 (1995), 183-196. 
[KR86] R.V. Kadison and J.R. Ringrose, Fundamentals of the theory of operator algebras. 

Volume II, Academic Press 1986. 
[KT78] A. Kishimoto and H. Takai, Some remarks on C*-dynamical systems with a compact 

abelian group, Publ. Res. Inst. Math. Sci. 14 (1978), 388-397. 
[Pow67] R.T. Powers, Representations of uniformly hypcrfinite algebras and their associated von 

Neumann rings, Ann. of Math. 86 (1967), 138-171. 
[R0r93] M. R0rdam, Classification of inductive limits of Cuntz algebras, J. reine angew. Math. 

440 (1993), 175-200. 

Mathematics Institute, University op Oslo, PB 1053 Blindern, N-0316 Oslo, Norway 



Department of Mathematics, Hokkaido University, Sapporo, 060 Japan 



